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Abstract
Correlation information in strongly correlated electron systems can be obtained using an ex-
tended Drude model. An interesting method related to the extended Drude model analysis of su-
perconducting optical data was proposed recently, and it has attracted attention from researchers.
This method aims to extract the optical self-energy of quasiparticles (or residual unpaired electrons)
from measured optical data in the superconducting state. However, this residual optical self-energy
is a partial optical self-energy. The interpretation and significance of this partial optical self-energy
is unclear. We investigate this method using a reverse process with simple electronboson spectral
density functions. With our obtained results, we conclude that the residual (or partial) optical
self-energy is difficult to interpret because it contains unphysical features, in particular, a nega-
tive optical effective mass. The present study clarifies the extended Drude analysis method for
superconducting optical data.
PACS numbers: 74.25.Gz,74.20.Mn,74.25.-q
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I. INTRODUCTION
Charge carriers in strongly correlated electron systems can be described by an extended
Drude model, which is a single-band model approach. In this model, a new physical quantity
appears, the memory function1 or the optical self-energy2; this new quantity is a measure
of the strength of correlation and is closely related to the well-known quasiparticle self-
energy3,4. Furthermore, because optical processes (or transitions) occur between filled and
empty states, i.e., two states (or two particles) are involved in the process; therefore, the
optical self-energy is also called a two-particle self-energy, which is mathematically more
complicated than its quasiparticle counterpart. In a strongly correlated regime, i.e., in an
extreme case, the single band splits into two distinct bands (upper and lower Hubbard
bands)5. However, in an intermediately correlated regime, the single band is decomposed
into coherent and incoherent components. The extended Drude formalism can be applied to
various strongly correlated electron systems in the intermediate regime for both the normal
and superconducting states. Thus far, many important and intriguing results2,6–16 have been
obtained from the measured optical spectra of various correlated electron systems using the
extended Drude model approach.
One can extract the electron-boson spectral density function (or Eliashberg function) from
a measured reflectance spectrum using a well-known process17–21, called a normal process,
consisting of several analysis steps: the KramersKronig relation, extended Drude model,
generalized Allen’s integral equations, and numerical processes to solve the Allen’s integral
equations22,23. One should be able to calculate a reflectance spectrum and other optical
response functions from a known electron-boson spectral density function using a reverse
process23, which consists of the same analysis steps in reverse order of the normal process.
The reverse process23 can be used for various purposes, such as to study how some char-
acteristic features in the electron-boson density function appear in other optical response
functions including a reflectance spectrum, and to extract the governing electron-boson
spectral density function16 of multiband correlated electron systems (e.g., iron pnictides) by
simulating the measured optical data.
In this study, we address a recently proposed method by Dordevic et al.24 regarding the
extended Drude model analysis of optical data in the superconducting state. Dordevic et
al. stated that the application of the extended Drude model to data in the superconducting
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state is has many limitations. Furthermore, they stated that the extended Drude model (or
single-band approach) is violated in the superconducting state because normal fluids and
superfluids coexist in the superconducting state. This proposed method may allow access
to the intrinsic properties of quasiparticles (or residual unpaired electrons) in the super-
conducting state. In addition, they introduced a new self-energy for the quasiparticles in
the superconducting state, which we name the residual optical self-energy in this paper.
It is noteworthy that the residual optical self-energy is a partial optical self-energy in the
extended Drude formalism. We investigated this method in detail with a correlated electron
formalism using the inverse process with well-known typical electron-boson spectral density
functions23 in the d-wave superconducting material phase. These typical electronboson spec-
tral density functions are well established in terms of doping- and temperature-dependent
evolutions21,25–27. Furthermore, the generic phase diagram of hole-doped cuprates can be
described well with these typical models27. From our calculation results, we conclude that
the residual (or partial) optical self-energy suffers from serious problems, because it exhibits
unphysical features. Meanwhile, the full SC optical self-energy is a reliable optical quantity
as it does not exhibit these problems. In addition, we applied this method to the exist-
ing measured optical data of two differently doped (i.e., optimally doped and overdoped)
Bi2Sr2CaCu2O8+δ (Bi2212) cuprate systems in the superconducting phase. The resulting
residual (or partial) self-energies of the measured Bi2212 spectra show the same serious
problems as those in the theoretical calculations, implying that the proposed partial optical
self-energy cannot be applied to measured optical data in the SC phase, even though the
idea is intriguing.
II. REVERSE PROCESS FORMALISM
In this section, we briefly describe the reverse process23 for the two (normal and d-
wave superconducting) material phases. Note that both the normal and superconducting
phases are of correlated electron systems. The interaction between electrons can occur by
exchanging force-mediating bosons, and it can be described with the electron-boson spectral
density function, α2B(ω), where α and B(ω) are the coupling constant between an electron
and the boson and the boson spectral density, respectively. With an input model α2B(ω)
one can obtain the imaginary part of the optical self-energy [Σ˜op(ω) ≡ Σop1 (ω) + iΣop2 (ω)]
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using the generalized Allen’s formalism28 as
−2Σop2 (ω) =
∫ ∞
0
dΩ α2B(Ω)K(ω,Ω) + Γopimp(ω), (1)
where K(ω,Ω) and Γopimp(ω) are the kernel of the generalized Allen’s integral equation and
the optical impurity scattering rate, respectively. For simplicity without losing the generality
one may consider cases only at T = 0. In such cases, the kernels for normal and d-wave
superconducting22,28 states can be written as
K(ω,Ω) = 2pi
(
1− Ω
ω
)
Θ(ω − Ω) (for normal state)
= 2pi
(
1− Ω
ω
)〈
Θ(ω − 2∆(θ)− Ω)
× E
(√√√√1− 4∆(θ)2
(ω − Ω)2
)〉
θ
(for d-wave SC), (2)
where Θ(x) is the Heaviside step function, E(x) is the complete elliptic integral of the
second kind, and 〈· · ·〉θ represents the angular average over a range from 0 to pi/4. ∆(θ)
[=∆0 cos(2θ)] is the d-wave superconducting (SC) gap, where ∆0 is the maximum SC gap.
The optical impurity scattering rate can be written as22,28
Γopimp(ω) = Γimp (for normal state)
= Γimp
〈
E
(√
1−4∆(θ)
2
ω2
)〉
θ
(for d-wave SC), (3)
where Γimp is a constant impurity scattering rate. It should be noted that the impurity
scattering rate in the SC state is strongly dependent on frequency near twice of the d-wave
superconducting gap, 2∆(θ).
Once one has the imaginary part of the optical self-energy in a wide enough spectral
range one can get the corresponding real part using a Kramers-Kronig relation as
−2Σop1 (ω) = −
2ω
pi
P
∫ ∞
0
dν
[−2Σop2 (ν)]
ν2 − ω2 , (4)
where P presents the principle part of the improper integral. The mass enhancement function
[m∗op(ω)/mb] can be calculated from the real part using a relation between the two quantities
as m∗op(ω)/mb = −2Σop1 (ω)/ω+1, where m∗op(ω) and mb are the optical effective mass and the
band mass, respectively. It is worth noting that for convergence of the Kramers-Kronig (KK)
relations between the real and imaginary parts of a complex function the function generally
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needs to be square integrable. However, the optical self-energy is not square integrable.
Still the Kramers-Kronig relations can be valid if limω→∞ |−2Σ˜op(ω)/ω| is zero. Indeed, the
magnitude of the optical self-energy divided by the frequency approaches to zero as ω →
∞ since limω→∞[−2Σop2 (ω)] = 2pi× the area under α2B(ω)29 and limω→∞[−2Σop1 (ω)/ω] ≡
limω→∞[m∗op(ω)/mb − 1] = 0 (see Fig. 5 of Ref. [27]). This requirement is weaker than the
square integrable one; in this case, the KK relations are known as KK relations with one
subtraction30.
Finally, using the obtained complex optical self-energy one can calculate the optical
conductivity [σ˜(ω) ≡ σ1(ω) + iσ2(ω)] through the extended Drude formalism1,2 as
σ˜(ω) =
i
4pi
Ω2p
ω + [−2Σ˜op(ω)] , (5)
where Ωp is the plasma frequency, which is directly associated with the charge carrier density
(n) in the mode of interest, i.e., Ω2p = 4pine
2/mb, where e is the elementary charge. Further,
it should be noted that the extended Drude model is a single-band approach; here we call
the intraband transition in the single band as ”the extended Drude mode”, which usually
consists of two (coherent and incoherent) components, as mentioned in the introduction.
Most of the spectral weight of the extended Drude mode is usually located in the low-
energy region close to the Fermi energy. However, the full extended Drude mode should be
extended to infinity as per the simple Drude mode. If a theoretical system contains only
a single extended Drude mode, the range of validity of the extended Drude model must
be extended from zero frequency to infinity. In this case, the real and imaginary parts of
the optical self-energy defined by the extended Drude model should form a KramersKronig
pair; one can obtain the real part of the optical self-energy from the known imaginary part
using Eq. (4). In contrast, because a real (material) system usually contains many modes
(or oscillators) including the extended Drude mode (located in the lowest frequency region),
the range of validity of the extended Drude model is extended below the first interband
transition mode, i.e., the contributions from all interband transition modes located in the
high-energy region must be excluded. In this case, the real and imaginary parts of the optical
self-energy defined by the extended Drude model generally cannot form a KramersKronig
pair because the optical conductivity consists of many modes including the extended Drude
mode.
In the SC state the optical conductivity [σ˜SC(ω) = σSC1 (ω) + iσ
SC
2 (ω)] can be divided
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into two components as
σSC1 (ω) =
Ω2sp
8
δ(ω) + σres1 (ω)
σSC2 (ω) =
Ω2sp
4pi ω
+ σres2 (ω), (6)
where Ωsp is the superfluid plasma frequency, which should be smaller than the plasma
frequency (Ωp), and δ(ω) is the Dirac delta function. σ
res
1 (ω) and σ
res
2 (ω) are, respectively,
the real and imaginary parts of the residual optical conductivity [σ˜res(ω)], which form a
Kramers-Kronig (KK) pair. It should be noted that, in a finite frequency region (i.e. ω >
0), σSC1 (ω) and σ
res
1 (ω) are equal to each other but they are different at ω = 0, i.e, σ
SC
1 (0) =
Ω2spδ(0)/8 and σ
res
1 (0) = 0. Therefore, only σ
res
1 (ω) part of the full σ
SC
1 (ω) can be seen in
a measured finite frequency region and σres2 (ω) is not directly accessible. However, σ
res
2 (ω)
can be obtained from σres1 (ω) using the Kramers-Kronig relation
31 since they form a KK
pair. Once σres2 (ω) is obtained the superfluid plasma frequency can be estimated using the
second equation of Eq. (6) as
Ω2sp = 4piω[σ
SC
2 (ω)− σres2 (ω)]. (7)
The equation above can be rewritten as
Ω2sp = ω
2[H − SC1 (ω)]− 4piωσres2 (ω), (8)
where H is the high-frequency background dielectric constant and 
SC
1 (ω) is the real part of
the full SC dielectric function, which is related to the full SC optical conductivity as ˜SC(ω) =
H + i4piσ˜
SC(ω)/ω. Since H is negligibly small compared with |SC1 (0)| and σres2 (ω) is a
regular function at ω = 0 the equation above can be rewritten as Ω2sp = limω→0[−ω2SC1 (ω)].
It is worth to be noted that the superfluid plasma frequency (Ωsp) can be independently
obtained from a missing spectral weight of the full σSC1 (ω), which is the superfluid spectral
weight located at ω = 0 and does not appear in a measured finite frequency region. The
missing spectral weight can be obtained using the so-called Ferrell-Glover-Tinkham sum
rule32–34.
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FIG. 1: (Color online) (a) and (b) the calculated imaginary parts of the optical self-energies of the
two (normal and d-wave SC) phases for two different impurity scattering rate cases: Γimp = 0.0
and 30.0 meV, respectively. (c) and (d) the corresponding real parts of the optical self-energies of
the two (normal and d-wave SC) phases for two different impurity scattering rate cases: Γimp =
0.0 and 30.0 meV, respectively. In the inset of frame (c) two typical input model electron-boson
spectral density functions, α2B(ω) (the MMP and MMP+GP models) are shown.
III. RESULTING OPTICAL SELF-ENERGY DATA OF MODEL CALCULA-
TIONS
For the theoretical calculations we consider two [normal and d-wave superconduct-
ing (SC)] phases with two typical input model electron-boson spectral density functions,
α2B(ω)20,25. One typical model α2B(ω) is for high temperature normal or highly over-
doped SC phases2,25 and is denoted as an MMP model, which was proposed by Millis,
Monien, and Pines (MMP)35 and can be used for describing the antiferromagnetic spin-
fluctuations. The other model α2B(ω) is for the low temperature phase below the coherence
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onset temperature25,36 and is denoted as an MMP+GP model, which consists of two compo-
nents: the MMP model35 and a sharp Gaussian peak (GP), which can be used for describing
the magnetic resonance mode observed by inelastic neutron scattering experiments2,11,20,37–40.
We note that the temperature- and doping-dependent evolutions of α2B(ω) of hole-doped
cuprates have been well-established by various experimental techniques including optical
spectroscopy2,20,21,25,38,39,41–44. In the inset of Fig. 1(c) we show the two typical (MMP
and MMP+GP) model α2B(ω). It is worth noting that the both model α2B(ω) are ex-
tended only up to 600 meV and above this energy they become zero. The MMP+GP
model is shown in the solid olive line and can be written in a mathematical form as
α2B(ω) = ASF ω/(ω
2 + Ω2SF ) +AMR exp{−(ω−Ω0)2/[2(W/2.35)2]}/[
√
2pi(W/2.35)2] where
ASF (= 50 meV) and ΩSF (= 60 meV) are the amplitude and the characteristic frequency of
the MMP model, respectively, and AMR (= 50 meV), W (= 10 meV), and Ω0 (= 30 meV)
are the amplitude, width, and center frequency of the sharp GP, respectively. The MMP
model is shown in the dotted orange line and can be also written in a mathematical form
as α2B(ω) = ASF ω/(ω
2 + Ω2SF ) with the same amplitude and characteristic frequency of
the MMP mode described above. The correlation constant (λ) of α2B(Ω) is an important
and robust quantity, which can be a measure of the correlation strength26, and can be cal-
culated using λ ≡ 2 ∫ ωc0 dΩα2B(Ω)/Ω, where ωc is a cutoff frequency, 600 meV for our cases.
The estimated correlation constants of the MMP and MMP+GP models are 2.42 and 5.83,
respectively.
In Fig. 1(a) and Fig. 1(b) we show calculated imaginary parts of the optical self-energy in
a wide spectral range for two different input α2B(ω) (MMP and MMP+GP models) in two
(normal and d-wave SC) phases with two different impurity scattering rates, Γimp = 0.0 meV
[frame (a)] and 30.0 meV [frame (b)]. Here the maximum SC gap (∆0) is 30 meV. Since the
input α2B(ω) is extended only up to 600 meV, above this energy, all the imaginary parts of
the self-energies become rapidly saturated. For the d-wave SC phase with Γimp = 30 meV, as
one can expect from Eq. (3) significant impurity effects appear in the low frequency region
below twice the maximum superconducting gap (2∆0 = 60 meV). For the normal phase the
imaginary part of the optical self-energy is just vertically shifted by 30 meV in the whole
spectral range compared with the corresponding self-energy with Γimp = 0.0 meV since the
impurity scattering is a (frequency-independent) constant, 30 meV. It should be noted that,
in principle, the imaginary part of the optical self-energy should be saturated to 2pi×the
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area under α2B(ω)29. For the Γimp = 0.0 meV case the saturated values of the MMP and
MMP+GP models are 724 meV and 1038 meV, respectively. Comparing the imaginary part
of the optical self-energy of the MMP+GP model with that of the MMP model we can see
that the sharp GP appears as a step-like feature2 since the GP is very sharp. Since the
height of the step-like feature will be around 2pi×the area of the GP, from this height, the
intensity of the sharp GP mode can be estimated2. The step-like features for two different
(normal and SC) phases appear at different energies; in general, the feature appears near
Ω0 for the normal phase
3 and near 2∆0 + Ω0 for the SC one
18.
In Fig. 1(c) and Fig. 1(d) we show corresponding real parts of the optical self-energy for
Γimp = 0.0 meV and 30.0 meV cases, respectively. These real parts of the optical self-energy
are obtained from the calculated imaginary parts in a wide spectral range from 0 to 7000
meV using the Kramers-Kronig relation, Eq. (4). In principle, the real part should carry
additional complementary information. This real part of the optical self-energy is closely
related to the mass enhancement function of charge carriers as−2Σop1 (ω) = [m∗op(ω)/mb−1]ω.
For the broad MMP model, two self-energies in normal and d-wave SC phases are quite
similar to each other, which means that these two different material phases are not very
well-resolved. In contrast, for the MMP+GP model, due to the sharp GP the (normal and
SC) material phases are well-resolved in low frequency region (near Ω0 + 2∆0). Therefore,
the doping- and temperature-dependent evolutions of the GP can be clearly investigated
from measured optical spectra2,20,21.
IV. REVISIT THE PROPOSED METHOD WITH A DIFFERENT APPROACH
Dordevic et al.24 proposed a method to obtain the optical self-energy of quasiparticles
(or residual electrons) in the superconducting state. We investigated the method in the
correlated electron formalism introduced in the previous sections. We obtained the optical
self-energies of the residual electrons for the typical MMP and MMP+PG models in the
d-wave SC phase using the reverse process, compared and discussed the resulting residual
(or partial) self-energies with the corresponding full SC self-energies, and provided some
important comments on the proposed method.
Here we describe recent Dordevic et al.’s work24. The authors raised a concern on the
usual extended Drude model analysis of optical data in the d-wave superconducting phase
9
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FIG. 2: (Color online) In left column from the top frame (a) to the bottom one (e) the real part
of the optical conductivity, the imaginary part of the optical conductivity, the imaginary part of
optical self-energy, the real part of the optical self-energy, and the mass enhancement function of
the MMP and MMP+GP models in d-wave SC phase for Γimp = 0.0 meV. In the right column
from the top frame (f) to the bottom one (j) the same quantities in the same order for Γimp = 30.0
meV. We show both residual and full SC quantities for comparison. In (d) and (i) we also show the
KK transformed residual optical self-energies [KK of −2Σres,op2 (ω)] obtained from the imaginary
parts of the residual self-energies using the Kramers-Kronig relation [Eq. (4)] for Γimp = 0.0 meV
and Γimp = 30.0 meV, respectively.
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and suggested that the optical self-energy of quasiparticles (or the residual unpaired elec-
trons) in the d-wave SC phase can be obtained using the residual (or partial) optical con-
ductivity [σ˜res(ω) ≡ σres1 (ω) + iσres2 (ω)], which was defined in Eq. (6). The authors also
proposed that to determine the intrinsic quasiparticle (or residual electron) properties in
the SC phase one must use the residual optical conductivity instead of the full SC opti-
cal conductivity [σ˜SC(ω) ≡ σSC1 (ω) + iσSC2 (ω)] in the extended Drude formalism. In this
case since only the residual electrons are considered the plasma frequency in the extended
Drude model should be modified as Ωresp =
√
Ω2p − Ω2sp, where Ωresp is the modified (or
residual) plasma frequency. Then the residual (or partial) optical self-energy, −2Σ˜res,op(ω)
(≡ −2Σres,op1 (ω) + i[−2Σres,op2 (ω)]), can be written as
−2Σ˜res,op(ω) = i [Ω
res
p ]
2
4pi
1
σ˜res(ω)
− ω. (9)
Here the residual (or partial) optical self-energy is described in terms of the residual (or
partial) optical conductivity. In this section we will demonstrate that the real and imaginary
parts of the residual optical self-energy [−2Σ˜res,op(ω)] do not form a KK pair. We should
note that the real and imaginary parts of the full SC self-energy [−2Σ˜SC,op(ω)], which is
described in terms of the full optical SC conductivity [σ˜SC(ω)], are known to form a KK
pair2. This is one of the most important differences between the two optical self-energies:
the partial one [−2Σ˜res,op(ω)] and the full one [−2Σ˜SC,op(ω)]. Therefore, the residual (or
partial) optical self-energy may not be a reliable (or well-defined) optical quantity.
To investigate the two optical self-energies more in detail, first we calculated the full
SC optical conductivities of the MMP and MMP+GP models in the d-wave SC phase for
both Γimp = 0.0 and 30.0 meV cases from the corresponding full SC optical self-energies
shown in Fig. 1 through the extended Drude formalism [Eq. (5)]. Here we used the plasma
frequency (Ωp) of 2000 meV. Then using the Kramers-Kronig relation we obtained the
imaginary part of the residual optical conductivity [σres2 (ω)] from the real part of the residual
optical conductivity [σres1 (ω)]. To get the residual plasma frequency (Ω
res
p ) we obtained the
superfluid plasma frequencies (Ωsp) for all four cases using Eq. (7). The obtained Ωsp of the
MMP model were 1158 meV and 965 meV for 1/τimp = 0 meV and 30 meV, respectively and
those of the MMP+GP model were 843 meV and 760 meV for 1/τimp = 0.0 meV and 30.0
meV, respectively. We note that the impurity scattering rate reduces the superfluid plasma
frequency23. Finally we obtained the residual (or partial) optical self-energy [−2Σ˜res,op(ω)]
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from the residual optical conductivity [σ˜res(ω)] using the extended Drude model, Eq. (9)
with appropriate residual plasma frequencies for all four cases, i.e., Ωresp =
√
Ω2p − Ω2sp. The
used residual plasma frequencies of the MMP model were 1630 meV and 1752 meV for
1/τimp = 0.0 meV and 30.0 meV, respectively, and those of MMP+GP model were 1814
meV and 1850 meV for 1/τimp = 0.0 meV and 30.0 meV, respectively.
Now we compared the resulting residual (or partial) self-energy [−2Σ˜res,op(ω)] with the
full SC self-energy [−2Σ˜SC,op(ω)], which are taken from Fig. 1. We show all results of our
calculations in Fig. 2.
In Fig. 2(a) and 2(f) we show σSC1 (ω) of the MMP (the dashed lines) and MMP+GP
(the solid lines) models in the d-wave SC phase, respectively, for Γimp = 0.0 meV and 30.0
meV cases. As we already have mentioned σSC1 (ω) = σ
res
1 (ω) for finite frequency, ω > 0
but σSC1 (0) 6= σres1 (0). We note that the optical conductivity consists of two (coherent
and incoherent) components. While almost no coherent components appear in the residual
conductivities of the MMP and MMP+GP models for 1/τimp = 0.0 meV case most of the
coherent components appear in the residual conductivities for 1/τimp = 30.0 meV case
23. It
should be noted that the residual electrons in the MMP and MMP+GP models seem to be
governed by the d-wave SC gap for both 1/τimp = 0.0 meV and 30.0 meV cases; there are
non-zero spectral weights below two times of the SC gap (2∆0 = 60 meV).
In Fig. 2(b) and 2(g) we show corresponding imaginary parts of the residual and full SC
optical conductivities [σres2 (ω) and σ
SC
2 (ω)] of the MMP (the dashed lines) and MMP+GP
(the solid lines) models in the d-wave SC phase, respectively, for Γimp = 0.0 meV and 30.0
meV cases. Here σres2 (ω) are obtained from σ
res
1 (ω) using the Kramers-Kronig relation. The
obtained residual σres2 (ω) (the olive lines) are completely different from the corresponding
σSC2 (ω) (the blue lines) and become negative in some spectral regions, which is closely related
to negative optical effective mass [see Fig. 2(e) and 2(j)]. We note that in low frequency
region σSC2 (ω) clearly shows the response from electrons involved in the superconductivity.
In Fig. 2(c) and 2(h) we show corresponding imaginary parts of the two (residual and
full) optical self-energies [−2Σres,op2 (ω) and −2ΣSC,op2 (ω)], respectively, for Γimp = 0.0 meV
and 30.0 meV cases. In Fig. 2(c) both −2Σres,op2 (ω) of the MMP and MMP+PG models
with Γimp = 0.0 meV show very strong peaks well below two times of the SC gap (2∆0 = 60
meV). In Fig. 2(h) −2Σres,op2 (ω) of the MMP+GP model with Γimp = 30.0 meV also show a
quite strong peak below two times of the SC gap. These strong peaks seem to be unphysical
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since they cannot be simulated using the generalized Allen’s formula in the normal phase
(i.e, with a constant density of states)45; to simulate such strong peaks, one must introduce
very strong intensity modulations in the density of states45.
In Fig. 2(d) and 2(i) we show corresponding real parts of the optical self-energies
[−2Σres,op1 (ω) and −2ΣSC,op1 (ω)], respectively, for Γimp = 0.0 meV and 30.0 meV cases. All
four residual (or partial) self-energies [−2Σres,op1 (ω)] are significantly different from the cor-
responding full SC self-energies [−2ΣSC,op1 (ω)]. We also show a new set of real parts of the
optical self-energies in the solid (MMP+GP model) and dashed (MMP model) red lines,
which are obtained from −2Σres,op2 (ω) using the Kramers-Kronig relation, Eq. (4). We de-
note them as KK of −2Σres,op2 (ω). Comparing the KK of −2Σres,op2 (ω) with −2Σres,op1 (ω) we
can clearly see discrepancies between them, which mean that −2Σres,op1 (ω) and −2Σres,op2 (ω)
do not form a KK pair. Interestingly, the degree of the discrepancy depends upon the in-
tensity of the impurity scattering rate. This discrepancy may indicate that the residual (or
partial) optical self-energy cannot be a reliable optical quantity. We observed that all the
real parts of the residual optical self-energies [−2Σres,op1 (ω)] of the MMP and MMP+GP
models become negative in low frequency regions; this seems to be unphysical since negative
values of the real part of the optical self-energy cannot be physically interpreted.
Finally, in Fig. 2(e) and 2(j) we show the calculated residual and full SC mass enhance-
ment functions [m ∗resop (ω)/mb and m ∗SCop (ω)/mb], respectively, for Γimp = 0.0 meV and
30.0 meV cases. All four m ∗resop (ω)/mb of the MMP (the dashed olive lines) and MMP+GP
models (the solid olive lines) seem to be unphysical since they become strongly negative in
low frequency regions: for Γimp = 0.0 meV case they become negative below ∼157 meV and
for Γimp = 30.0 meV case they become negative below ∼1.5 meV.
From our theoretical investigation, we found that the proposed method by Dordevic et
al. contains two serious problems. One problem is associated with peaks in the imaginary
part of the residual (or partial) optical self-energy; this method cannot be applied since the
peaks cannot be simulated with a constant density of states (i.e., the normal phase)45. The
other problem is that the real part of the residual optical self-energy and the corresponding
effective mass function exhibit unphysical negative values in the low frequency region.
There has been a previously published literature46 motivated by the attempt by Dordevic
et al.24. In their paper Schachinger and Carbotte calculated four optical self-energies (the
optical self-energy of Bogoliubov quasiparticles (BQPs), the residual optical self-energy, and
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the optical self-energies for both SC and normal states) of Pb using a formal approach, which
is different from ours. The authors compared their four optical self-energies and found that
the residual self-energy does not reflect purely the BQP self-energy since the imaginary part
of the residual self-energy is strongly deviated from those of other three self-energies in high
frequency region well above the SC gap (or 8 times of the SC gap) while the imaginary
parts of other three self-energies merge in the high frequency. Furthermore, they focused on
optical properties of BQPs. However, the authors did not mention the unphysical negative
effective mass function which we described in our paper.
V. APPLICATION OF THE METHOD TO MEASURED OPTICAL DATA AND
DISCUSSION
We applied the proposed method24 described in the previous section to real material
systems, i.e., optimally doped and overdoped Bi2Sr2CaCu2O8+δ (Bi2212) systems. The
optimally doped Bi2212 with the superconducting transition temperature, Tc = 96 K is
denoted as Bi2212-OPT96 and the overdoped Bi2212 with Tc = 60 K as Bi2212-OD60. It is
worth noting that since in these Bi2212 cuprate systems the extended Drude mode extends
up to very high energy, ∼2.0 eV34 their optical self-energies are reliable in a wide spectral
range up to near 2.0 eV.
In Fig. 3 (a)-(c) we show the resulting residual (the dashed red lines) and full SC (the
solid blue lines) self-energies [−2Σ˜res,op(ω) and −2Σ˜SC,op(ω)] and the residual (the dashed
red line) and full SC (the solid bule line) mass enhancement functions [m ∗resop (ω)/mb and
m ∗SCop (ω)/mb] of Bi2212-OPT96 at T = 27 K. In Fig. 3 (d)-(f) we show the corresponding
quantities of the MMP+GP model in the d-wave SC phase with 1/τimp = 30.0 meV. We
compared these two sets of the measured optical self-energies [−2Σ˜res,op(ω) and −2Σ˜SC,op(ω)]
of Bi2212-OPT96 at T = 27 K with the corresponding theoretically calculated optical self-
energies of the MMP+GP model in the d-wave SC phase since both (Bi2212-OPT96 at 27 K
and the MMP+GP model in the d-wave SC phase) were known to belong to the same region
in the generic T − p phase diagram of hole-doped cuprates27. The corresponding residual
and full SC optical quantities of the two (real Bi2212-OPT96 and theoretical MMP+GP
model) systems agree qualitatively well each other. We note that the full SC optical quanti-
ties of real Bi2212-OPT96 and theoretical MMP+GP model systems agree better than the
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corresponding residual quantities. The imaginary part of the theoretical residual self-energy
shows a stronger peak around 34 meV than that of the experimental residual self-energy.
Due to this stronger peak the corresponding real part of the theoretical self-energy shows
negative values in a region between 37 meV and 200 meV while the real part of the exper-
imental self-energy does not show negative values near its peak frequency. The theoretical
residual mass enhancement function shows a similar negative region as shown in Fig. 3(f).
The (experimental and theoretical) real parts of the residual self-energies and residual mass
enhancement functions become negative in low-energy regions, which is unphysical since the
negative values cannot be physically interpreted.
In Fig. 3 (g)-(i) we show the resulting residual (the dashed red lines) and full SC (the
solid blue lines) optical self-energies and the residual (the dashed red lines) and full (the solid
blue lines) SC mass enhancement functions of Bi2212-OD60 at T = 29 K. In Fig. 3 (j)-(l)
we display the corresponding quantities of the MMP model in the d-wave SC phase with
1/τimp = 30.0 meV. We compared the residual and full SC optical self-energies of Bi2212-
OD60 at T = 29 K with those of the MMP model in the d-wave SC phase since both (Bi2212-
OD60 at 29 K and the MMP model in the d-wave SC phase) belong to the same region in
the generic T − p phase diagram of hole-doped cuprates27. As we can see in the figure, the
corresponding optical quantities of the measured Bi2212-OD60 and calculated MMP model
systems are qualitatively very similar to each other. The real parts of the two (measured and
calculated) residual self-energies become negative in low-energy region. The corresponding
residual mass enhancement functions become also negative in a similar spectral region. As
we mentioned previously, the negative values in the real part of the residual self-energies
and residual mass enhancement functions cannot be physically interpreted.
Our comparison indicates that when we applied the proposed method to experimentally
measured spectra, the resulting residual (or partial) optical self-energy shows the same
problematic (or unphysical) features evident in the theoretically calculated residual optical
self-energy. The problematic features were the peaks in the imaginary part of the residual
self-energy, and the negative values of the real part of the residual optical self-energy in the
low frequency region. In contrast, the full SC self-energy defined by the extended Drude
model does not exhibit these problematic features; this full SC optical self-energy can be a
reliable optical quantity.
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FIG. 3: (Color online) Results of application of the new method to two cuprate systems:
Bi2212-OPT96 and Bi2212-OD60. (a)-(c) The calculated residual and full SC optical self-
energies [−2Σ˜res,op(ω) and −2Σ˜SC,op(ω)] and the mass enhancement functions [m ∗resop (ω)/mb and
m ∗SCop (ω)/mb] of Bi2212-OPT96 at T = 27 K. (d)-(f) The obtained residual and full SC optical
self-energies and the mass enhancement functions of the MMP+GP model. (g)-(i) The resulting
residual and full SC optical self-energies and the mass enhancement functions of Bi2212-OD60 at
T = 29 K. (j)-(l) the resulting residual and full SC optical self-energies and the mass enhancement
function of the MMP model.
VI. CONCLUSIONS
Using a reverse process23 we investigated a new proposed method24, that was suggested
to study the residual unpaired electrons of cuprates in the superconducting phase. First,
we obtained the optical self-energy in two different material phases (normal and d-wave SC)
with the two typical MMP and MMP+GP model electron-boson spectral density functions,
α2B(ω), using the generalized Allen’s formulas [Eq. (1)] and the KramersKronig relation
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[Eq. (4)]. Subsequently, we obtained the optical conductivity from the obtained optical
self-energy using the extended Drude formalism. We calculated the so-called residual (or
partial) optical self-energy [−2Σ˜res,op(ω)] of the MMP and MMP+GP models in the d-wave
SC phase using the new proposed method by Dordevic et al.24. The obtained imaginary
part of the residual optical self-energies demonstrated unphysical peaks. We found that the
real and imaginary parts of the residual self-energy did not form a KK pair. Therefore,
this residual self-energy was not an appropriate optical quantity. Additionally, the real part
of the residual self-energy [−2Σres,op1 (ω)] and the corresponding residual mass enhancement
function [m ∗resop (ω)/mb] became negative in the low-energy region, which were unphysi-
cal features. We also applied the method to two Bi2212 cuprate systems (Bi2212-OPT96
and Bi2212-OD60) in the SC phase. We observed that the obtained residual self-energies
and residual mass enhancement functions of Bi2212-OP96 at 27 K and Bi2212-OD60 at 29
K demonstrated similar unphysical features (peaks in −2Σres,op2 (ω) and negative values of
−2Σres,op1 (ω) and m ∗resop (ω)/mb in the low frequency region) as in the corresponding quan-
tities of the MMP+GP and MMP models in the d-wave SC phase. From our results, we
concluded that the proposed method could be used for analyzing the measured optical data
of Bi2212 cuprate systems in the SC phase; the residual (or partial) optical self-energy was
not a reliable optical quantity because it contained unphysical features. Instead, the full SC
optical self-energy was a reliable optical quantity that did not contain unphysical features.
In our opinion, the full optical self-energy could not be decomposed even though the full
optical conductivity could be decomposed because they were connected non-linearly by the
extended Drude model. We hope that our study clarifies an unclear issue related to the
extended Drude model analysis of the superconducting optical data of strongly correlated
electron systems including cuprates and iron pnictides.
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